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Abstrat
The HeII→HeI reombination of primordial helium plasma (z = 1500−3000) is onsidered
in terms of the standard osmologial model. This proess aets the formation of os-
mi mirowave bakground anisotropy and spetral distortions. We investigate the eet
of neutral hydrogen on the HeII→HeI reombination kinetis with partial and omplete
redistributions of radiation in frequeny in the HeI resonane lines. It is shown that to
properly ompute the HeII→HeI reombination kinetis, one should take into aount not
only the wings in the absorption and emission proles of the HeI resonane lines, but also
the mehanism of the redistribution of resonane photons in frequeny. Thus, for exam-
ple, the relative dierene in the numbers of free eletrons for the model using Doppler
absorption and emission proles and the model using a partial redistribution in frequeny
is 1 - 1.3% for the epoh z = 1770− 1920. The relative dierene in the numbers of free
eletrons for the model using a partial redistribution in frequeny and the model using a
omplete redistribution in frequeny is 1 - 3.8% for the epoh z = 1750− 2350.
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1 Introdution
The reombination of primordial plasma is a proess that ultimately leads to the
formation of neutral atoms from ions and free eletrons due to the derease in temperature
through osmologial expansion. This proess has three distint epohs at whih the
fration of free eletrons hanges signiantly: (1) HeIII→HeII reombination (z ≃ 5000−
7000), (2) HeII→HeI reombination (z ≃ 1500 − 3000), and (3) HII→HI reombination
(z ≃ 900−1600), where z is the osmologial redshift. Sine other nulides (D, 3He, Li, B,
et.) in the primordial plasma are muh fewer in number than
1
H and
4
He (< 10−4), the
reombination of hydrogen-helium plasma is usually onsidered (Zeldovih et al. 1968;
Peebles 1968; Matsuda et al. 1969). The reombination of other elements is onsidered
in isolated ases for speial problems, suh as the eet of lithium reombination on the
osmi mirowave bakground (CMB) anisotropy (Stanil et al. (2002) and referenes
therein), the formation of primordial moleules (Galli and Palla (2002) and referenes
therein), et.
The reombination of primordial plasma aets signiantly the growth of gravita-
tional instability and the formation of CMB spetral distortions and anisotropy (Peebles
1965; Dubrovih 1975). The appearane of the rst experimental data on CMB anisotropy
(Relikt 1, COBE) rekindled interest in the reombination of primordial plasma in the mid-
1980s. A number of improvements in the model of hydrogen plasma reombination were
suggested (Jones and Wyse 1985; Grahev and Dubrovih 1991).
Signiant progress in CMB anisotropy observations ahieved in the seond half
of the 1990s (BOOMERANG, WMAP) neessitated inluding a number of subtle eets
that ould aet the reombination of primordial hydrogen and helium at a level of 0.1
- 1% (Leung et al. 2004; Dubrovih and Grahev 2005; Novosyadlyj 2006; Burgin et al.
2006; Kholupenko and Ivanhik 2006; Wong and Sott 2007; Chluba and Sunyaev 2006,
2007, 2008a, 2008b; Hirata and Switzer 2008; Sunyaev and Chluba 2008; Hirata 2008;
Grahev and Dubrovih 2008).
One of the most important (for the primordial plasma reombination kinetis) ef-
fets onsidered in reent years is the absorption of HeI resonane photons by neutral
hydrogen, whih leads to an aeleration of the HeII→HeI reombination (Kholupenko
et al. 2007 [hereinafter KhIV07℄; Switzer and Hirata 2008; Rubino-Martin et al. 2007).
Reently, this eet was taken into aount by Wong et al. (2008) in the refast ompu-
tational ode developed by Seager et al. (1999). This ode is most widely used to ompute
the primordial plasma reombination kinetis when the CMB anisotropy is analyzed. To
take into aount the eet of neutral hydrogen on the HeII→HeI reombination kinetis,
Wong et al. (2008) used a simple approximation formula with adjustable parameters.
The refast modied in this way allows the results of omputations with the multilevel
ode
2
by Switzer and Hirata (2008) to be quikly and aurately reprodued for any rea-
sonable values of the osmologial parameters. Nevertheless, the approah by Wong et
al. (2008) is inappliable for more detailed studies of the helium reombination, sine
their formula is not universal for all resonane transitions in HeI, but an be used only
in desribing the absorption of HeI 21P → 11S resonane photons by neutral hydrogen.
When using the multilevel odes by Switzer and Hirata (2008) and Rubino-Martin et
al. (2007), whih allow the absorption of HeI nP → 1S (n ≥ 2) resonane photons by
2
By the multilevel ode we mean a omputational program that uses a multilevelmodel atom.
2
neutral hydrogen to be taken into aount, muh of the radiative transfer alulations in
the HeI resonane lines are performed numerially, whih is omputationally demanding
and time-onsuming. These irumstanes fored us to seek for an analyti approah to
the problem of inluding the eet of neutral hydrogen on the HeII→HeI reombination
kinetis that, on the one hand, would be more universal than the approah of Wong et al.
(2008) (i.e., would allow the eet of the absorption of HeI nP → 1S resonane photons
(where n ≥ 2, and not only n = 2) on the HeII→HeI reombination to be estimated) and,
on the other hand, would not redue the speed and auray of the primordial plasma
reombination omputations for various parameters of the osmologial model. This ap-
proah was implemented on the basis of the papers by Chugai (1987) and Grahev (1988),
who analytially investigated the diusion of resonane radiation in the presene of on-
tinuum absorption. In this paper, we present extended and more detailed justiations
of the key suggestions made in KhIV07. We take into aount the fat that the satter-
ing in the HeI resonane lines (for transitions in the singlet struture of the HeI atom)
ours with a partial redistribution in frequeny, whih turns out to be important for the
results (Switzer and Hirata 2008; Rubino-Martin et al. 2007). Thus, our goal is to nu-
merially ompute the HeII→HeI reombination kinetis using analyti formulas (Chugai
1987; Grahev 1988; this paper) to allow for the peuliarities of the radiative transfer in
the HeI resonane lines (a partial redistribution of HeI resonane photons in frequeny
and their absorption in the neutral hydrogen ontinuum).
2 Physial model of HeII→HeI reombination
In the proess of osmologial reombination, the plasma deviates from its ionization
equilibrium. A neessary ondition for this deviation is plasma opaity for the intrinsi
resonane reombination radiation. This means that the emitted resonane photon is
absorbed by another neutral atom almost instantly (ompared to the harateristi re-
ombination and ionization time sales). Sine the reombination radiation is exessive
with respet to the equilibrium bakground with a blakbody spetrum, the populations
of exited atomi states exeed their equilibrium values. The exess of the exited-state
populations entails an inrease of ionization fration ompared to its equilibrium value
and, aordingly, leads to a delay of reombination. In this situation, the plasma reom-
bination an no longer be desribed by the Saha formula and kineti equations should be
invoked to desribe the behavior of the exited-state populations of neutral atoms and the
plasma ionization fration. The total reombination rate Jtot [m
−3
s
−1
℄ (dependent on z)
is determined by the sum of the reombination rates (given the forward and bakward
reations) to all of the bound HeI atomi states,
Jtot =
∞∑
n=1
Jcn (1)
The atomi transition rate to the ground state J→1 is dened by the sum of the
transition rates from all of the exited states and the ontinuum,
J→1 = Jc1 +
∞∑
n=2
Jn1 (2)
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Sine the number of HeI atoms in exited states at the HeII→HeI reombination epoh is
not aumulated (no more than 10−6 of the HeI atoms are in eah exited state), it may
be onluded that Jtot ≃ J→1. The quantities Jn1 in sum (2) are the dierenes between
the diret, Jn→1, and reverse, Jn←1, transition rates,
Jn1 = Jn→1 − Jn←1 (3)
The estimates made by Zeldovih et al. (1968) and Peebles (1968) and subse-
quently onrmed by numerial alulations using multilevel model atoms (Grahev and
Dubrovih 1991; Seager et al. 2000) showed that a simplied reombination model (the
so-alled three-level model; Zeldovih et al. 1968; Peebles 1968; Matsuda et al. 1969;
Seager et al. 1999) ould be used to alulate the ionization fration as a funtion of
time. In this model, the reombination rate for helium (the model energy level diagram is
presented in Fig. 1) is determined by the following proesses: the two-photon 21S → 11S
transitions and the one-photon 21P → 11S and 23P → 11S, i.e., three terms remain in
sum (2) and the following formula is valid:
Jtot ≃ Jag + Jbg + Jb′g (4)
where the subsripts denote the following states: g ≡ 11S, a ≡ 21S, b ≡ 21P , b′ ≡ 23P
(see Fig. 1).
A proper allowane for the resonane transitions requires a joint analysis of the
kinetis of transitions and radiative transfer in the 21P → 11S and 23P → 11S lines by
inluding a number of peuliar fators, with the osmologial expansion and the absorption
of HeI resonane photons by neutral hydrogen (HI) being the most important of them.
Aording to Eq. (3), the two-photon HeI 21S → 11S transition rate an be
alulated using the formula (for onveniene, the ommon fator was taken out of the
brakets):
Jag = Aag
(
Na − ga
gg
η0agNg
)
(5)
where Aag = 51.3 ñ
−1
is the oeient of the spontaneous two-photon 21S → 11S deays,
Na [m
−3
℄ is the population of the 21S state, Ng [m
−3
℄ is the population of the 11S state,
ga = 1 is the statistial weight of the 2
1S state, gg = 1 is the statistial weight of the
11S state, η0ag is the equilibrium photon oupation number at the 2
1S → 11S (a → g)
transition frequeny.
For optially thik transitions (for HeI at the HeII→HeI reombination epoh, these
are the n1P → 11S and 23P → 11S transitions and, when the three-level model is used,
the b→ g and b′ → g transitions, respetively) the rates of the diret and reverse proesses
appearing in Eq. (3) are very lose (their relative dierene an reah 10−9, depending
on n and the instant of time under onsideration), beause the oupation numbers of
the photon eld in HeI lines (inluding both equilibrium and intrinsi HeI reombination
radiations) are lose to their quasi-equilibrium values, ηfg ≃ Nn/gnN1.
Thus, if Jn1 are alulated from Eq. (3), then two relatively lose numbers often
has to be subtrated. In this ase, a signiant loss of the omputation auray is possible
(Burgin 2003). Therefore, the following formula that is devoid of the above shortoming
is used to onsider the kinetis of suh optially thik transitions:
Jfg = PfgAfg
(
Nf − gf
gg
η0fgNg
)
(6)
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where the subsript f denotes the nP state, Afg is the Einstein oeient for the spon-
taneous f → g transition, Nf is the population of state f , and gf is the statistial weight
of state f . The quantity Pfg is the probability of the unompensated f ↔ g transitions.
The quantity Pfg an be alulated by jointly onsidering the radiative transfer
equation in the f → g line and the balane equation for levels f and g. It ontains
information about the eet of the intrinsi resonane plasma radiation on the transition
kinetis with allowane made for the irumstanes that aompany the radiative transfer,
suh as the osmologial expansion, the absorption of HeI resonane photons by neutral
hydrogen, et.
Sine the f → g transition rate Jfg, whih, in turn, determines the reombination
rate Jtot, diretly depends on Pfg, a proper alulation of Pfg for the primordial plasma
onditions is one of the most important subgoals of the osmologial reombination theory.
The methods for inluding Pfg in the multilevel ode that omputes the kineti
equations for the full system of levels an be found in Seager et al. (2000), Switzer and
Hirata (2008), and Rubino-Martin et al. (2007). The kineti equation that desribes the
HeII→HeI reombination in terms of the simplied model and the methods for inluding
Pfg in it an be found in KhIV07 and Wong et al. (2008).
3 Kinetis of HeI 2P→1S resonane transitions
Let us onsider the HeI f → g resonane transition kinetis using HeI 2P→1S (i.e. b→ g
and b′ → g), whih mainly determine the reombination rate Jtot, as an example. A joint
analysis of the balane equation for levels f and g and the radiative transfer equation for
the HeI f → g line leads to the following formula for the probability of the unompensated
f → g transitions:
Pfg =
∫
∞
0
κH + κHe,f exp (−τf )
κH + κHe,f
ψfg(ν)dν (7)
where κH [m
−3
s
−1
Hz
−1
℄ is the absorption oeient of photons (hν ≥ 13.6 eV) by neutral
hydrogen during ionization, κHe,f is the absorption oeient of photons by neutral helium
in the f → g line, τf is the optial depth for the absorption of HeI resonane photons
(inluding the absorption by both helium and hydrogen atoms), and ψfg(ν) is the emission
prole in the HeI f → g line (∫ ψfg(ν)dν = 1).
The oeient κH is given by the formula
κH =
8piν2
c2
σH(ν)NH,1S (8)
where σH(ν) is the photoionization ross setion of the HI ground state by a photon with
frequeny ν, NH,1S is the number density of hydrogen atoms in the ground state, whih
is equal, with a good auray, to the neutral hydrogen number density NHI .
The oeient κHe,f (f = b or b
′
) is given by the formula:
κHe,f =
gf
gg
AfgNgφfg(ν) (9)
where φfg(ν) is the absorption prole in the HeI f → g line (
∫
φfg(ν)dν = 1). The
ground-state population Ng is equal, with a good auray, to the total neutral helium
number density NHeI .
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The optial depth τf is given by the formula
τf(ν, z) =
∫
∞
ν
c3
8piν ′3
H−1(z′) (κH(ν
′, z′) + κHe,f(ν
′, z′))dν ′ (10)
where H(z) = H0
√
ΩΛ + Ωm(1 + z)3 + Ωrel(1 + z)4 is the Hubble onstant (the parame-
ters H0, ΩΛ, Ωm, Ωrel are desribed below in Table 2), and the parameter z
′
is dened
by the equality z′ = (1 + z)ν ′/ν − 1.
For the onveniene of the subsequent onsideration, let us represent Pfg as the
sum of two terms: Pfg = P
H
fg + P
red
fg , where P
H
fg and P
red
fg are given by the formulas:
PHfg =
∫
∞
0
κH
κH + κHe,f
ψfg(ν)dν (11)
P redfg =
∫
∞
0
κHe,f exp (−τf )
κH + κHe,f
ψfg(ν)dν (12)
The quantity PH is the mean (averaged over the prole ψfg(ν)) destrution proba-
bility of a HeI f → g resonane photon as a result of its interation with neutral hydrogen.
The quantity P redfg is the esape probability of HeI f → g photons from the line
prole due to the osmologial expansion. Note that the denition of this quantity diers
from the lassial denition of the Sobolev photon esape probability from the line prole
P Sfg (Rybiki and dell Antonio 1993; Seager et al. 2000), being its generalization to
the ase that inludes the absorption of HeI resonane photons by neutral hydrogen
3
(in this sense, P redfg may be alled a modied photon esape probability from the line
prole). If the absorption of HeI resonane photons by neutral hydrogen is negligible (i.e.,
κH/κHe,f ≪ 1), then the formula for P redfg takes the lassial form:
P redfg |κH=0 =
∫
∞
0
exp (−τHe,f(ν))ψfg(ν)dν ≃ P Sfg ≡ τ−1He,f (1− exp (−τHe,f )) (13)
where τHe,f(ν) is the optial depth for photon absorption in the HeI f → g line as a
funtion of the frequeny and τHe,f is the total optial depth for photon absorption in the
HeI f → g line given by the formula:
τHe,f =
gfAfgNgc
3
gg8piHν
3
fg
. (14)
Note that Switzer and Hirata (2008) and Rubino-Martin et al. (2007) used a
dierent splitting into terms, namely, Pfg = P
S
fg + ∆P
esc
fg , where ∆P
esc
fg is the orretion
to the Sobolev esape probability due to the presene of ontinuum absorption.
3.1 The Modied Photon Esape Probability from the Line Pro-
le
Using (9) and (10), we an transform Eq. (12) to
P redfg =
gg
gfAfgNg
∫ τf
0
(
κHe,f
κH + κHe,f
)2(
ψfg(ν)
φfg(ν)
)
8piν3H
c3
exp (−τ ′) dτ ′ (15)
3
Note that P redfg is proportional to (1− I¯L), where I¯L is the integral introdued by Switzer and Hirata
(2008).
6
This integral an be roughly estimated from the formula
P redfg =
(
1 + γ−1
)
−2
τ−1He,f (1− exp (−τHe,f )) (16)
where the parameter γ is the ratio of the helium and hydrogen absorption oeients at
the entral frequeny of the f → g line and is given by the expression:
γ ≡ kHe(νfg)
kH(νfg)
=
(gf/gg)AfgNHeIφfg(νfg)c
2
σH (νfg) 8piν
2
fgNHI
(17)
The z dependene of γ for the 21P → 11S and 23P → 11S transitions is presented in Fig.
2.
If the amount of neutral hydrogen is negligible (so that γ ≪ 1) then Eq. (16), as
has been noted above, transforms into the standard expression for the Sobolev photon
esape probability from the line prole P Sfg - (13). If there is muh neutral hydrogen
(so that γ & 1), then the value of P redfg is lower than the typial Sobolev value of P
S
fg,
alulated from (13). In KhIV07, the fator (1 + γ−1)
−2
in Eq. (16) was disarded
(i.e., in fat, Eq. (13))was used). For the HeI 21P → 11S transition this neglet is valid
throughout the HeII→HeI reombination epoh, beause the values of γ for this transition
are large (see Fig. 2). For the HeI 23P → 11S transition, this neglet is valid at the early
HeII→HeI reombination epoh (z & 1900), when the values of γ for this transition are
large (& 10, see Fig. 2). At the late HeII→HeI reombination epoh (z . 1750), when
the values of γ for the HeI 23P → 11S transition are small (. 1, see Fig. 2), the lassial
expression for the probability of the unompensated transitions (13) is inappliable for
the HeI 23P → 11S transitions. At the same time, however, the 21P → 11S transition
rate Jbg, whih diretly depends on the produt AbgP
H
bg , is so large that it ompletely
determines the reombination rate Jtot. Therefore, the auray of alulating P
red
b′g (and,
aordingly, the 23P → 11S transition rate Jb′g) does not play signiant role.
3.2 The Destrution Probability of a HeI Resonane Photon dur-
ing Its Interation with Neutral Hydrogen
The integral expression (11) for PH an be transformed to the following form onvenient
for both numerial and approximate analytial integrations:
PHfg(γ) ≃
∫
∞
0
ψfg(ν)
1 + (φfg(ν)/φfg(νfg)) γ
dν (18)
A further renement of the form of the funtion PH(γ) depends on the approximation
in whih the absorption prole φfg(ν) is taken into aount and, even more importantly,
on the spei form of the emission prole ψfg(ν) determined by the physial onditions
under whih the radiation is sattered and transferred in the f → g resonane line.
3.2.1 Complete redistribution in frequeny: The Doppler prole
In the ase of sattering with a omplete redistribution in frequeny, if the Doppler prole
is used as the absorption, φfg(ν), and emission, ψfg(ν), proles (as was done in KhIV07)),
7
the expression for PHfg takes the form:
PHD (γ) =
∫
∞
−∞
pi−1/2 exp (−y2)
1 + γ exp (−y2)dy (19)
where the subsript D stands for Doppler, while the subsripts f and g were omitted,
sine the funtion PHD (γ) is universal for all resonane transitions when the Doppler prole
is used. This funtion an be approximated by the expression
PHD (γ) = (1 + pγ
q)−1 (20)
where the parameters p, q depend on the γ range. Their values are given in Table 1.
Table 1: Parameters of the approximation of PHD
Range of γ p q
0 ≤ γ ≤ 5 · 102 0.66 0.9
5 · 102 < γ ≤ 5 · 104 0.515 0.94
5 · 104 < γ ≤ 5 · 105 0.416 0.96
5 · 105 < γ 0.36 0.97
The asymptotis of PHD (γ) for γ →∞ is given by the expression (see, e.g., Ivanov
1969):
PHD (γ) ≃
2√
pi
γ−1
√
ln γ (21)
The results of the alulations of the funtion PHD (γ) for various γ ranges are
presented in Figs. 3 and 4.
3.2.2 Complete redistribution in frequeny: The Voigt prole
In the ase of sattering with a omplete redistribution in frequeny, if the Voigt prole
is used as the absorption, φfg(ν) and emission, ψfg(ν) proles, the probability P
H
an be
approximately alulated from the formula
PHV ≃ PHD + PHW (22)
where the subsript V stands for Voigt. The quantity PHW is attributable to the inlusion
of the Voigt prole wings (the subsriptW stands for wings) and is given by the formula
PHW = 2
√
a
γpi3/2

pi
2
− arctan


√
−a1
√
pi ln a
aγ




(23)
where a is the Voigt parameter, whih is dened by the ratio of the natural (the quantum-
mehanial damping onstant dening the mean level lifetime) and Doppler widths of level
f : a = Γf/4pi∆νD,f , a1 ≃ 1.6 is an adjustable parameter whose value is hosen from the
ondition for the best agreement between the values of PH obtained from Eqs. (18) (by
8
numerial integration) and (22). Equation (23) an be derived by taking into aount
the fat that almost the entire ontribution to φfg(ν) at | (ν − νfg) /∆νD,f | & | ln(a)| is
provided by the Lorentz wings, i.e., the following approximation is valid:
φfg(ν) ≃ a∆νD,f
pi
(ν − νfg)−2 (24)
The thermal width ∆νD,f in Eq. (24) is given by the expression (Lang 1978):
∆νD,f =
νfg
c
√
2kBT
mHe
+
2
3
V 2t (25)
where mHe is the helium atomi mass, T is the temperature of the medium, and Vt
is the root-meansquare turbulent veloity (if the distribution of turbulent veloities is
Maxwellian). In our alulations, we assumed that Vt = 0.
The asymptotis of PHV (γ) for γ →∞ is given by the expression (see, e.g., Ivanov
1969):
PHV ≃ pi1/4a1/2γ−1/2 (26)
The results of the alulations of the funtion PHV (γ) for the HeI 2
1P → 11S and 23P →
11S and transitions (and various γ ranges) are presented in Figs. 3 and 4 respetively.
3.2.3 Partial redistribution in frequeny: The Wong-Moss-Sott approxima-
tion
Switzer and Hirata (2008) and Rubino-Martin et al. (2007) showed that a partial (rather
than omplete) redistribution in frequeny ourred at the HeII→HeI reombination epoh
in the HeI n1P → 11S lines. These authors performed a signiant fration of their alu-
lations (in partiular, the radiative transfer alulations) numerially. Sine the problem
under onsideration is omplex, this is omputationally demanding and time-onsuming
(it takes about one day to ompute the radiative transfer in HeI lines for one osmologial
model; Rubino-Martin et al. 2007). This approah is too resoure-intensive to be used in
the three-level reombination model inorporated, in partiular, in refast (Seager et al.
1999; Wong et al. 2008), from whih a high speed of omputations (no more than a few
minutes per osmologial model) is demanded at the required auray of about 0.1%.
This neessitates seeking for an analyti solution to the problem of radiative transfer in
a resonane line in an expanding medium in the presene of ontinuum absorption or at
least a suitable approximation that would desribe satisfatorily the results of omputa-
tions with multilevel odes (Switzer and Hirata 2008; Rubino-Martin et al. 2007). This
approximation was found by Wong et al. (2008): based on an approximation formula of
form (20), Wong et al. (2008) found that at p = 0.36 and q = 0.86 for the probability PH
of the unompensated 21P → 11S transitions (let us denote it by PHWMS, where the sub-
sript WMS stands for Wong-Moss-Sott), the simplied (three-level) model desribes
well the results of omputations with the multilevel ode by Switzer and Hirata (2008) for
any reasonable osmologial parameters. The values of p = 0.66 and q = 0.9 (KhIV07)
were used to determine the 23P → 11S transition probability.
The asymptotis of PHWMS(γ) for γ →∞ is given by the expression:
PHWMS = 0.36γ
−0.86
(27)
The results of the alulations of the funtion PHWMS are presented in Fig. 3.
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3.2.4 Partial redistribution in frequeny in the wings: The Chugai-Grahev
approximation
The Wong-Moss-Sott approximation annot be used to investigate the kinetis of HeI
n1P → 11S resonane transitions for n ≥ 3, sine the parameters p and q in Eq. (20)
should have dierent values unique for eah spei n in this ase. This neessitates
seeking for an expression for the probability of the unompensated transitions based on
an analyti solution of the radiative transfer equation in the HeI resonane lines at the
HeII→HeI reombination epoh.
Being formulated in full, this problem is very omplex, sine it requires inluding
a large number of proesses, suh as the Hubble expansion, the partial redistribution in
frequeny due to the thermal motion of atoms, the Raman sattering, the ontinuum
absorption, the reoil upon sattering, et. In this ase, the problem requires onsidering
an integrodierential equation in whih the redistribution funtion annot be expressed in
terms of elementary funtions. Therefore, in this formulation, it is solved mainly through
omputer simulations (Switzer and Hirata 2008; Rubino-Martin et al. 2007). Neverthe-
less, a number of simpliations and approximations make it possible to reformulate the
problem in a form that allows a ompletely analyti solution. Thus, for example, Chugai
(1987) and Grahev (1988) onsidered the diusion of resonane line radiation in the
presene of ontinuum absorption. In omparison with the omplete formulation of the
problem of radiative transfer in a line, these authors disregarded the following eets: (1)
the Raman sattering was disregarded; (2) a dierential expression derived in the diusion
approximation was used instead of the exat integral term desribing the redistribution
of photons in frequeny due to the thermal motion of atoms (see, e.g., Varshalovih and
Sunyaev 1968; Nagirner 2001), i.e., the nal equation has the form of a frequeny dif-
fusion equation for photons (Harrington 1973; Basko 1978); (3) the Doppler ore of the
Voigt absorption prole was tted by a delta funtion; and (4) when formulating the
mathematial model, Grahev (1988) disregarded the expansion of the medium, although
Chugai (1987) previously took it into aount. Comparison of the papers by Chugai
(1987) and Grahev (1988) in this aspet shows that the ontributions to the probability
of the unompensated transitions from the expansion of the medium and the ontinuum
absorption an be approximately taken into aount independently of eah other. Chugai
(1987) derived the following formula for the probability of the unompensated transitions
(note that Chugai (1987) and Grahev (1988) used notations diering from eah other
and from the notation of this paper):
PHC = 1.217a
1/4γ−3/4 (28)
where the subsript C stands for Chugai. The funtional dependene in Eq. (28) was de-
termined from qualitative onsiderations, while the numerial oeient was determined
by numerially solving the diusion equation.
Grahev (1988) analytially derived the formula:
PHG = (8λa)
1/4pi−5/8γ−3/4F
(
1
2
, 2, s+ 2,
1
2
)
Γ(s+ 3/2)
Γ(s+ 2)
(29)
where the subsript G stands for Grahev, λ is the single-sattering albedo, F is the
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hypergeometri funtion, Γ is the gamma funtion4, and the parameter s is dened by
the formula:
s = 2−3/2pi−1/4(1− λ)λ−1/2a1/2γ1/2 − 1/4 (32)
Equation (29) has the following asymptotis:
1) at small γ (γ ≪ γ1 ≡ pi1/2λ (2a(1− λ)2)−1):
PHG ≃ 1.217(λa)1/4γ−3/4 (33)
2) at large γ (γ ≫ γ1)
PHG ≃ 23/2pi−1/2(1− λ)−1/2λ1/2γ−1 (34)
We see that at small γ (γ ≪ γ1, whih orresponds to γ ≪ 5 · 108 for the HeI
21P → 11S transition) and λ lose to unity, Eq. (33) mathes the solution obtained by
Chugai (1987).
It should be noted that Eqs. (28) and (29) were derived by Chugai (1987) and
Grahev (1988) for γ at whih aγ ≫ 1 and annot be applied at aγ . 1. This an be
seen from the following: 1) when γ → 0, PHC and PHG tend to innity; 2) when the Voigt
parameter tends to zero (a→ 0), PHC and PHG also tend to zero, while the probability PH
that they desribe tends to PHD that orresponds to the orret desription of the Doppler
ore (in terms of the Doppler prole rather than the delta funtion, as was done by Chugai
(1987) and Grahev (1988)). It should also be noted that the orret desription of the
Doppler ore leads to a orretion of about 10% to PHG for the HeI 2
1P → 11S transition
in the range 106 ≤ γ ≤ 109.
The results of the alulations of the funtion PHG , its asymptotis (33) and (34),
and the relative error in PHG alulated from the approximation formulas (30) and (31)
ompared to the alulations based on the exat formula (29) are presented in Fig. 5.
Comparison of asymptotis (33) and (34) (Fig. 5) shows that the γ dependene of PHG ,
hanges signiantly at γ lose to γ1 (e.g., on a logarithmi sale, the slope ∂ lnP
H
G /∂ ln γ
hanges from -0.75 to -1). This should be taken into aount when the Chugai-Grahev
approximation is used to alulate the HeII→HeI reombination kinetis, beause γ (for
the HeI 21P → 11S transition) takes on values lose to γ1 ∼ 5 · 108 during the HeII→HeI
reombination (at the epohs z = 1900− 2100) (see Fig. 2).
3.2.5 Partial redistribution in frequeny: An approximate allowane for the
Raman sattering
Sine Chugai (1987) and Grahev (1988) (1) disregarded the Raman sattering and (2)
desribed the entral region of the absorption prole by δ-funtion, Eq. (29) gives an
4
The following approximation formulas expressible only in terms of elementary funtions an be used
to alulate the expressions ontaining speial funtions in Eq. (29):
Γ(s+ 3/2)
Γ(s+ 2)
≃ (s+ 1.28)−1/2 (30)
F
(
1
2
, 2, s+ 2,
1
2
)
≃ 1 + exp (−1.07 ln (s+ 1.5)− 0.45) (31)
These formulas are valid in the interval of s [−1/4;∞) with a relative auray of at least 0.5%.
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underestimated value ompared to the probability PH, determined when solving the full
problem, in whih the Raman sattering ontributing to the formation of broader wings in
the emission prole ψfg(ν), is taken into aount and the entral region of the absorption
prole (Doppler ore) is desribed by the Voigt prole. To estimate the ontribution
from the Raman sattering and the Doppler ore to the probability of the unompensated
transitions PH , let us represent Eq. (18) as:
PH ≃ PHD + PHG + PHR (35)
where PHD , P
H
G and P
H
R are the ontributions to the probability P
H
, from various physial
eets. These quantities are explained in detail below.
1) The ontribution PHD an be dened by the formula:
PHD =
∫
A
ψfg(ν)
1 + (φfg(ν)/φfg(νfg)) γ
dν , A ≃ [νfg − 3∆νD; νfg + 3∆νD] (36)
where A is the Doppler ore region. The quantity PHD inludes the ontribution from the
absorption of HeI resonane photons from the Doppler ore region to the probability of the
unompensated HeI 21P → 11S, whih is disregarded in the Chugai-Grahev approah.
The quantity PHD an be alulated using Eq. (20).
2) The ontribution PHG an be dened by the formula:
PHG =
∫
B
ψfg(ν)
1 + (φfg(ν)/φfg(νfg)) γ
dν , B ≃ [νfg−νCG; νfg−3∆νD]∪[νfg+3∆νD; νfg+νCG]
(37)
The quantity PHG inludes the ontribution from the region of the near wings B, where
the redistribution in frequeny due to the thermal motion of atoms plays a ruial role
in forming the emission prole, just as in the Doppler ore region. PHG an be alulated
using Eq. (29). The harateristi frequeny νCG speies the boundaries of the frequeny
region B in suh a way that the redistribution in frequeny due to the thermal motion
of atoms onsidered by Chugai (1987) and Grahev (1988) has a deisive eet on the
formation of the emission prole in the frequeny range [νfg − νCG; νfg + νCG], while the
Raman sattering has a deisive eet on the formation of the emission prole in the
frequeny ranges [0; νfg − νCG] and [νfg + νCG;∞]. We alulate νCG below.
3) The ontribution PHR an be dened by the formula:
PHR =
∫
C
ψfg(ν)
1 + (φfg(ν)/φfg(νfg)) γ
dν , C ≃ [0; νfg − νCG] ∪ [νfg + νCG;∞] (38)
The quantity PHR inludes the ontribution from the region of the far wings C, where
the Raman sattering (the subsript R stands for Raman) plays a ruial role in forming
the emission prole.
Sine the emission and true absorption
5
proles in the ranges of integration in (38)
are dened by the expressions ψfg(ν) = (1− λ)φV (ν), and φfg(ν) = (1− λ)φV (ν) (where
φV (ν) is the Voigt prole), we obtain
PHR = 2(1− λ)
√
a
(1− λ)γpi3/2
(pi
2
− arctan (f(a, λ, γ))
)
(39)
5
The term true absorption is used here in the same sense as that in Ivanov (1969) and Nagirner
(2001).
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where f(a, λ, γ) is dened by the expression
f(a, λ, γ) = A1pi
1/4 ((1− λ)aγ)−1/2
(
νCG
∆νD
)
(40)
Here, A1 is the orretion fator that takes into aount the fat that the two eets
(both the redistribution in frequeny due to the thermal motion of atoms and the Raman
sattering) give omparable ontributions to the probability PH at frequenies lose to the
boundary frequeny νfg − νCG (and, aordingly, νfg + νCG) (i.e., there is no well-dened
boundary between the zones of inuene of these eets).
Using the results by Chugai (1987) and Grahev (1988), one an show that the
integrand in (35) in the entral frequeny region [νfg − νCG; νfg + νCG] depends on the
frequeny as
ψfg(ν)
1 + (φfg(ν)/φfg(νfg)) γ
∼ exp
(
−
(
x
21/4pi−1/8(λaγ)1/4
)2)
(41)
where x = (ν − νfg)/∆νD.
In the frequeny ranges [0; νfg−νCG] and [νfg+νCG;∞], where the eet of Raman
sattering prevails, the integrand in (35) depends on the frequeny as
ψfg(ν)
1 + (φfg(ν)/φfg(νfg)) γ
∼ a(1− λ)
pix2 + a(1− λ)γ√pi (42)
Comparing Eqs. (41) and (42), we an nd the harateristi frequeny νCG in the form
νCG ≃ 21/4pi−1/8(λaγ)1/4
√
ln γ∆νD (43)
Substituting (43) into (40), we obtain the nal expression for f(a, λ, γ):
f(a, λ, γ) ≃ A121/4pi1/8(1− λ)−1/2λ1/4 (aγ)−1/4
√
ln γ (44)
The oeient A1 = 0.5 an be determined from the ondition for the best agree-
ment between the dependenes Pbg(z) = (P
red
bg (z) + P
H
bg (z)) (see Fig. 7), alulated here
and in Rubino-Martin et al. (2007).
It should be noted that we assume here that if the fration of oherent satterings
(i.e., the singlesattering albedo) is equal to λ, then the fration of Raman satterings
is equal to (1 − λ), i.e., only the radiative transitions are taken into aount, while the
eet of the transitions produed by eletron ollisions is onsidered negligible. This
approximation is valid at the HeII→HeI reombination epoh. In the general ase where
the eet of eletron ollisions is not negligible, the fration of Raman satterings is not
equal to (1− λ). This should be taken into aount when the above formulas are used.
As the fration of oherent satterings λ hanges, Eq. (35) has the following
asymptotis:
1) As the fration of oherent satterings λ tends to unity, Eq. (35) turns into the sum
of PHD and P
H
C given by Eq. (28) (Chugai 1987). This limit orresponds to the absene
of Raman satterings, i.e., the resonane photons are redistributed in frequeny solely
through the thermal motion of atoms.
2) As the fration of oherent satterings λ tends to zero, Eq. (35) tends to PHV given by
Eq. (22). This limit orresponds to a ompletely inoherent sattering, whih leads to a
omplete redistribution of resonane photons in frequeny. As a result, the Voigt emission
prole is formed.
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Table 2: Parameters of the standard osmologial model
Desription Designation Value
Total matter density Ωtot 1
(in units of ritial density)
Baryoni matter density Ωb 0.02− 0.06
Nonrelativisti matter density Ωm = ΩCDM + Ωb 0.27
Relativisti matter density Ωrel = Ωγ + Ων 8.23 · 10−5
Vauum-like matter density ΩΛ 0.73
Hubble onstant H0 70 km/s/Mp
CMBR temperature today T0 2.726 K
Helium mass fration Y 0.24
4 The Cosmologial Model
We performed all alulations within the framework of standard osmologial ΛCDM
models. The alulation results presented in Figs. 6, 7 and 8 were obtained using the
osmologial parameters from Rubino-Martin et al. (2007) (sine these gures reet, in
partiular, the omparison of our results with those of Rubino-Martin et al. (2007)). The
results of alulations presented in Fig. 9 were obtained using the osmologial parameters
from Table 2.
5 Results and Disussion
The alulated destrution probabilities of resonane photons as they interat with neu-
tral hydrogen PH are plotted against the ratio of the helium and hydrogen absorption
oeients γ in Figs. 3 and 4 for various models of photon redistribution in frequeny. As
we see from these gures, the probabilities PH are lowest and highest when the Doppler
and Voigt proles, respetively, are used to desribe the absorption and emission oef-
ients. This is beause the Doppler prole has no wings, while the Voigt prole has
slowly desending Lorentzian wings. Therefore, the alulated PH for any other models of
redistribution (for a partial redistribution) in frequeny (inluding the atual dependene
PH(γ)) should lie between the urves orresponding to the use of the Doppler and Voigt
proles (i.e., the inequality PHD ≤ PH ≤ PHV should hold).
As was shown by Switzer and Hirata (2008) and Rubino-Martin et al. (2007), the
partial redistribution in frequeny should be taken into aount when the probability PH
is alulated for the HeI 21P → 11S transition, beause the fration of oherent satterings
in the total number of resonane photon satterings in the line is high, λ ≃ (1−2.5 ·10−3).
The probability of the unompensated HeI 21P → 11S transitions an be alulated by
taking into aount the partial redistribution in frequeny using Eq. (35) or in the Wong-
Moss-Sott approximation (27) (Fig. 3). In the range of values 107 ≤ γ ≤ 109 important
for the HeII→HeI reombination kinetis, the alulated values of PH and PHWMS are in
satisfatory agreement (dier by no more than 50%, although the values of the quantities
themselves hange by two orders of magnitude).
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The sattering in the HeI 23P → 11S resonane line ours at an almost omplete
redistribution of photons in frequeny due to the high fration of inoherent (Raman)
satterings,(1−λ) ≃ 1 (and, aordingly, the low fration of oherent satterings, λ ≃ 0).
Therefore, Eq. (22) whih was derived by assuming a omplete redistribution of resonane
photons in frequeny, is used to alulate the probability PH (equal to PHV ) for this
transition. Figure 4 presents the alulated values of PHV and P
H
D for the HeI 2
3P → 11S
transition. We see from Fig. 4 that the urves for PHD and P
H
V oinide in the range of
values 10−2 ≤ γ ≤ 104 important for the transition under onsideration at the HeII→HeI
reombination epoh (see Fig. 2). This is beause the ontribution from the wings PHW
to the probability PHV at these values of γ is negligible ompared to the ontribution
from the Doppler ore PHD . In turn, this is beause the Voigt parameter is small for
the HeI 23P → 11S transition: a ≃ 10−5. The ontribution from the wings PHW to the
probability PH begins to have an aet at suh values of γ that aγ & 1 (this is true not
only for a omplete redistribution in frequeny, but also for a partial redistribution in
frequeny). Thus, in HeII→HeI reombination alulations, the probability PH for the
HeI 23P → 11S transition an be alulated with a suient auray from Eq. (20) (as
was done in KhIV07), although it would be more appropriate to alulate this probability
from Eq. (22).
The main result of this paper is the dependene of the relative number of free ele-
trons Ne/NH
6
on redshift z for the HeII→HeI reombination epoh (Fig. 6), alulated by
inluding the eet of neutral hydrogen when using various models for the redistribution
of HeI resonane photons in frequeny upon their sattering in the HeI 21P → 11S line.
Figure 6 leads us to the following onlusions: 1) The eet of neutral hydrogen on the
HeII→HeI reombination turns out to be signiant, sine inluding it hanges Ne/NH
by 1 − 2.1% for the epohs z = 1650 − 1950 ompared to the reombination senario
in whih it is disregarded (Dubrovih and Grahev 2005; Wong and Sott 2007). This
hange in Ne/NH is signiant for a proper analysis of the experimental data on CMB
anisotropy that will be obtained from the Plank experiment sheduled for 2009; 2) The
alulated z dependene of Ne/NH at the HeII→HeI reombination epoh turns out to
be sensitive to the model for redistribution of HeI resonane photons in frequeny. Thus,
for example, the relative dierene in Ne/NH for the model using the Doppler absorption
and emission proles (KhIV07) and the model using a partial redistribution in frequeny
(Switzer and Hirata 2008; Rubino-Martin et al. 2007; Wong et al. 2008; this paper) is
1− 1.3% for the epohs z = 1770− 1920. The relative dierene in Ne/NH for the model
using a partial redistribution in frequeny and the model using a omplete redistribution
in frequeny for the HeI 21P → 11S resonane transition (Rubino-Martin et al. 2007;
this paper) is 1 − 3.8% for the epohs z = 1750− 2350. These dierenes are signiant
for the analysis of the experimental data from CMB anisotropy measurements during fu-
ture experiments (Plank et.). This suggests that simple models for the redistribution
of resonane photons in frequeny (suh as those using the Doppler emission prole or a
omplete redistribution in frequeny) are inappliable for desribing the eet of neutral
hydrogen on the HeII→HeI reombination kinetis and that the partial redistribution
should be taken into aount by using either numerial alulations (Switzer and Hirata
2008), or tting formulas (Wong et al. 2008), or an analyti solution (this paper), or a
6NH is the total number of hydrogen atoms and ions
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ombination of these approahes (Rubino-Martin et al. 2007).
Our alulated values of Ne/NH agree with those alulated by Rubino-Martin et
al. (2007) (for the model with a partial frequeny redistribution of the resonane photons
produed during transitions in the HeI singlet struture) with a relative auray of at least
10−3 (see Fig. 6, bottom panel). Our values of Ne/NH alulated in the approximation of
a omplete redistribution of HeI resonane photons in frequeny (i.e., using Eq. (22) for
both 23P → 11S and 21P → 11S lines) agree with those of Rubino-Martin et al. (2007)
(for a omplete redistribution in frequeny in the 23P → 11S and 21P → 11S lines) with
a relative auray of at least 4 · 10−3 (see Fig. 6, bottom panel).
Our additional results to be ompared with those of other authors are the de-
pendenes of the probabilities Pfg = (P
H
fg + P
red
fg ) for the HeI 2
1P → 11S (Fig. 7) and
23P → 11S (Fig. 8) transitions on redshift z for various models of the redistribution of
HeI resonane photons in frequeny upon their sattering in lines. The alulated values
of these quantities are in satisfatory agreement with those of Switzer and Hirata (2008)
and Rubino-Martin et al. (2007).
In onlusion, we alulated Ne/NH for various values of the osmologial param-
eters. It should be noted that the z dependene of Ne/NH hanges only slightly when
varying the fration of nonrelativisti matter Ωm within the range 0.24 − 0.30 and the
Hubble onstant H0 within the range 65− 75 km·s−1Mp−1 (in pratial alulations, for
example, for the analysis of the CMB anisotropy spetrum, these hanges may be ignored
at modern level of experimental data; these results are not presented here graphially).
The values of Ne/NH alulated by varying the fration of baryoni matter Ωb are pre-
sented in Fig. 9 (top panel). Ne/NH is a monotoni funtion of Ωb. The HeII→HeI
reombination ours at earlier epohs as Ωb inreases. Figure 9 (bottom panel) presents
the relative dierene between the value of Ne/NH alulated using our model and the
value of Ne/NH alulated using the model by Wong et al.(2008) (i.e., in the Wong-Moss-
Sott approximation). We see from 9 that the results of the alulations based on our
model and the model by Wong et al. (2008) agree with a relative auray of at least
2.2 · 10−3 (in the number density of free eletrons) as the baryoni matter density varies
in the range Ωb = 0.02− 0.06.
6 Conlusions
We alulated the HeII→HeI reombination kinetis by inluding the eet of neutral
hydrogen. We additionally took into aount the partial redistribution of HeI resonane
photons in frequeny upon their sattering in the HeI 21P → 11S line (Eqs. 35 - 44).
It is shown that the alulated relative numbers of free eletrons Ne/NH ould be
satisfatorily reoniled with the results of reent studies of the HeII→HeI reombination
kinetis (Rubino-Martin et al. 2007; Wong et al. 2008) using the formulas derived here.
The ahieved auray is high enough for the HeII→HeI reombination model suggested
here to be used in analyzing the CMB anisotropy data from future experiments (Plank
and others). This auray is also high enough to alulate the intensities, frequenies,
and proles of the HeI reombination lines formed during the osmologial HeII→HeI
reombination (Dubrovih and Stolyarov 1997; KhIV07; Rubino-Martin et al. 2007).
It should also be noted that using Eqs. (20), (22), (23), (35), (39 - 44) derived
16
here, along with Eq. (29) derived by Grahev (1988), we an nd not only the dependene
of PH on γ, but also the dependenes of PH on the Voigt parameter a and the fration
of oherent satterings λ (and, aordingly, the fration of inoherent satterings (1− λ),
if the atomi transitions produed by eletron ollisions may be negleted). This will be
important in further detailed theoretial studies of the HeII→HeI reombination.
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n≥3
Figure 1: Model energy level diagram for the HeI atom used here.
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Figure 2: Ratio of the HeI and HI absorption oeients at the entral frequeny of the
f → g line (γ) versus redshift z for the HeI 21P → 11S (solid urve) and HeI 23P → 11S
(dashed urve) transitions. The dotted straight lines indiate the unit and γ1 = 5 · 108
levels. The value of γ1 = 5 · 108 is explained in the text.
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Figure 3: Top panel: Destrution probability of a HeI 21P → 11S resonane photon as it
interats with neutral hydrogen PH versus γ for various models of absorption and redistri-
bution in frequeny in the HeI 21P → 11S line: the dash-dotted urve orresponds to the
use of the Doppler absorption prole, the solid urve orresponds to a partial redistribution
in frequeny (Eq. (35)), the dashed urve represents the Wong-Moss-Sott approxima-
tion, and the dashed urve with two dots orresponds to the use of the Voigt absorption
prole for a omplete redistribution in frequeny. The Voigt parameter is a = 1.7 · 10−3,
and the single-sattering albedo is dened by the relation (1 − λ) = 2.5 · 10−3. Bottom
panel: The relative error in PH when alulated from the approximate formulas (22) (the
dashed urve with two dots orresponding to the use of the Voigt absorption prole for a
omplete redistribution in frequeny) and (20) (the dash-dotted urve orresponding to
the use of the Doppler absorption prole) ompared to the numerial alulation based
on the exat formula (18).
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Figure 4: Top panel: Destrution probability of a HeI 23P → 11S resonane photon as
it interats with neutral hydrogen PH versus γ for various absorption proles in the HeI
23P → 11S line: the dashed urve orresponds to the use of the Doppler absorption prole
and the solid urve orresponds to the use of the Voigt absorption prole for a omplete
redistribution in frequeny. The Voigt parameter is a = 10−5 and the single-sattering
albedo is approximately equal to zero λ ≃ 0 (typial values for the HeI 23P → 11S
transition at the HeII→HeI reombination epoh). Bottom panel: The relative error in
PH when alulated from the approximate formulas (22) (the solid urve orresponding to
the use of the Voigt absorption prole for a omplete redistribution in frequeny) and (20)
(the dashed urve orresponding to the use of the Doppler absorption prole) ompared
to the numerial alulation based on the exat formula (18).
23
10-9
10-8
10-7
10-6
10-5
PH
CG
105 106 107 108 109 1010 1011
γ
-4×10-3
-2×10-3
0
2×10-3
∆P
/P
γ 1
=
5. 1
08
Figure 5: Top panel: Destrution probability of a HeI 21P → 11S resonane photon
as it interats with neutral hydrogen PHG (29) versus γ (solid urve), asymptotis (33)
orresponding to γ ≪ γ1 (dashed urve) (Chugai 1987; see the text), and asymptotis
(34) orresponding to γ ≫ γ1 (dash-dotted urve). The Voigt parameters is a = 1.7 · 10−3
and the single-sattering albedo is dened by the relation (1−λ) = 2.5·10−3 (typial values
for the HeI 21P → 11S transition at the HeII→HeI reombination epoh). Bottom panel:
The relative error in PHG approximately alulated from Eqs. (30) and (31) ompared to
the alulations based on Eq. (29).
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Figure 6: Top panel: Relative number of free eletrons Ne/NH versus redshift z: the
dashed urve represents the equilibrium reombination, the dotted urve represents the
reombination aording to the model without any absorption of HeI resonane photons
by neutral hydrogen; the dash-dotted urve represents the reombination aording to
the model by KhIV07; the solid urve represents the reombination aording to this
work (Eqs. (22) and (35) desribe the HeI 23P → 11S and HeI 21P → 11S transition
probabilities, respetively); the dashed urve with two dots represents the reombina-
tion alulated using the approximation of a omplete redistribution in frequeny in HeI
resonane lines (Eq. (22) desribes the probability of both HeI 23P → 11S and HeI
21P → 11S transitions). All urves were alulated for the osmologial parameters
adopted in Rubino-Martin et al. (2007). Bottom panel: The relative dierene in the
fration of free eletrons for dierent reombination models: the solid urve indiates the
dierene between our results and the results by Rubino-Martin et al. (2007) for the mod-
els with a partial redistribution in frequeny; the dashed urve with two dots indiates
the dierene between our results and the results of Rubino-Martin et al. (2007) for the
models with a omplete redistribution in frequeny; the dash-dash-dot urve indiates the
dierene between the results based on the model by Wong et al. (2008) and those by
Rubino-Martin et al. (2007) for the model with a partial redistribution in frequeny.
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Figure 7: Probability of the unompensated HeI 21P → 11S transitions Pbg versus redshift
z for various models of absorption and redistribution in frequeny in HeI 21P → 11S line:
the dash-dotted urve orresponds to the use of the Doppler absorption prole, the solid
urve represents a partial redistribution in frequeny (this paper), the dash-dash-dot urve
represents a partial redistribution in frequeny (Rubino-Martin et al. 2007), the dashed
urve represents the Wong-Moss-Sott approximation, the dashed urve with two dots
orresponds to the use of the Voigt absorption prole for a omplete redistribution in
frequeny, and the dotted urve represents the Sobolev probability P Sbg (alulated from
Eq. (13)). The urves were alulated for the osmologial parameters adopted in Rubino-
Martin et al. (2007).
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Figure 8: Probability of the unompensated HeI 23P → 11S transitions Pb′g versus redshift
z: the solid urve represents our result (Eq. (22) was used for the alulations, whih
orresponds to the use of the Voigt absorption prole for a omplete redistribution in
frequeny), the dash-dash-dot urve represents the result by Rubino-Martin et al. (2007),
and the dotted urve represents the Sobolev probability P Sb′g (alulated from Eq. (13)).
The urves were alulated for the osmologial parameters adopted in Rubino-Martin et
al. (2007).
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Figure 9: Top panel: Relative number of free eletrons Ne/NH versus redshift z for
various baryoni matter densities: the dashed, solid, and dash-dotted urves orrespond
to Ωb = 0.02, Ωb = 0.04, and Ωb = 0.06, respetively. The remaining parameters of the
osmologial model are given in Table 2. Bottom panel: The relative dierene in the
number density of free eletrons between the alulations using our model and those using
the model by Wong et al. (2008) (the Wong-Moss-Sott approximation): the dashed, solid,
and dash-dotted urves orrespond to Ωb = 0.02, Ωb = 0.04, and Ωb = 0.06, respetively.
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